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HANKEL MULTIPLIERS OF LAPLACE TRANSFORM TYPE
J.J. BETANCOR, A.J. CASTRO, AND J. CURBELO
Abstract. In this paper we prove that the Hankel multipliers of Laplace transform type on
(0,∞)n are of weak type (1, 1). Also we analyze Lp-boundedness properties for the imaginary
powers of Bessel operator on (0,∞)n.
1. Introduction
We consider the Hankel transformation on (0,∞)n defined by
hλ1,...,λn(f)(x) =
∫
(0,∞)n
n∏
j=1
(xjyj)
−λj+1/2Jλj−1/2(xjyj)f(y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n,
where λj > −1/2, j = 1, . . . , n. Here Jν denotes the Bessel function of the first kind and or-
der ν. hλ1,...,λn maps L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
∞((0,∞)n,
n∏
j=1
x
2λj
j dx) (= L
∞((0,∞)n, dx))
and it can be extended as an isometry to L2((0,∞)n,
n∏
j=1
x
2λj
j dx) being h
−1
λ1,...,λn
= hλ1,...,λn on
L2((0,∞)n,
n∏
j=1
x
2λj
j dx) (see [3]).
If m ∈ L∞((0,∞)n, dx) the multiplier operator Tmλ1,...,λn associated with the Hankel transfor-
mation hλ1,...,λn is defined by
Tmλ1,...,λn(f) = hλ1,...,λn(mhλ1,...,λn(f)), f ∈ L2((0,∞)n,
n∏
j=1
x
2λj
j dx).
It is clear that Tmλ1,...,λn is bounded from L
2((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself. L
p-boundedness
properties for Hankel multipliers have been studied in [1], [2], [6], [7], [8], [9], [10], [16] and [21],
amongst others.
In this paper, following the ideas presented in [5] and in [17] we study Hankel multiplier
operator when m is of Laplace transform type. For every λ > −1/2 we denote by ∆λ,x the
Bessel operator
∆λ,x = −x−2λ d
dx
(
x2λ
d
dx
)
= −
(
d2
dx2
+
2λ
x
d
dx
)
,
and if λj > −1/2, j = 1, . . . , n, we write
∆λ1,...,λn =
n∑
j=1
∆λj ,xj .
Since
∆λ,x
[
(xy)−λ+1/2Jλ−1/2(xy)
]
= y2(xy)−λ+1/2Jλ−1/2(xy), x, y ∈ (0,∞)
(see [11, (5.3.7), p. 103]), it follows that, for each x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ (0,∞)n,
(1) ∆λ1,...,λn
 n∏
j=1
(xjyj)
−λj+ 12 Jλj− 12 (xjyj)
 =
 n∑
j=1
y2j
 n∏
j=1
(xjyj)
−λj+ 12 Jλj− 12 (xjyj).
This paper is partially supported by MTM2007/65609.
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According to (1) we say that m is of Laplace transform type when
(2) m(y) =
n∑
j=1
y2j
∫ ∞
0
e
−t
n∑
j=1
y2j
φ(t)dt, y ∈ (0,∞)n,
for a certain φ ∈ L∞(0,∞) ([17, p. 121]).
Our main result is the following.
Theorem 1.1. Let λj > −1/2, j = 1, . . . , n. Assume that m is of Laplace transform type.
Then, the Hankel multiplier Tmλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for
every 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
This theorem will be proved in Section 2. It can be seen as an extension to higher dimension
of [1, Theorem 1.2]. However, in order to prove Theorem 1.1 we use a different procedure than
the one employed in the proof of [1, Theorem 1.2]. In [1] Calderón-Zygmund theory for singular
integral operators is applied. Here, we represent the multiplier operator Tmλ1,...,λn as a principal
value integral operator when it acts on the space C∞c ((0,∞)n) of the C∞ functions with compact
support in (0,∞)n (see Proposition 2.1). Then, after proving Lp-boundedness properties for the
maximal operator associated with the principal value integral operator (see Proposition 2.2), we
extend the Hankel multiplier Tmλ1,...,λn to L
p((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞, as a principal value
integral operator that is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, when 1 < p <∞, and
from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) (see Proposition 2.3). To establish
these properties we split the region (0,∞)n × (0,∞)n in two parts. The set
Ω = {(x, y) ∈ (0,∞)n × (0,∞)n : xj/2 < yj < 2xj , j = 1, . . . , n}
is called the local region. In Ω the kernel Kφλ1,...,λn that defines the Hankel multiplier T
m
λ1,...,λn
differs from
n∏
j=1
(xjyj)
−λjKm, where Km is the kernel associated with the Fourier multipliers
Tm defined by
Tmf = (mfˆ )ˇ , f ∈ L2(R, dx),
by a kernel defining a bounded operator in Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), for every 1 ≤ p < ∞. Here
as usual, by fˆ we denote the Fourier transform of f and by gˇ the inverse Fourier transform of g.
On (0,∞)n×(0,∞)n)\Ω, called global region, the kernel |Kφλ1,...,λn | defines a positive bounded
operator from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, when 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
into L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
The semigroup {Wλ1,...,λnt }t≥0 generated by −∆λ1,...,λn is defined as follows
Wλ1,...,λnt (f)(x) =
∫
(0,∞)n
n∏
j=1
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy, x = (x1, . . . , xn) ∈ (0,∞)n,
where
(3) Wλt (x, y) =
(xy)−λ+1/2
2t
Iλ−1/2
(xy
2t
)
e−(x
2+y2)/4t, t, x, y ∈ (0,∞), λ > −1/2,
and Iν denotes the modified Bessel function of the first kind and order ν ([22, p. 395]). This semi-
group {Wλ1,...,λnt }t≥0 is a symmetric diffusion semigroup in the sense of Stein ([17, p. 65]). More-
over, the Hankel multiplier Tmλ1,...,λn is actually an spectral multiplier associated with ∆λ1,...,λn .
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Then, by [17, Corollary 3, p. 121] Tmλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself,
for every 1 < p <∞. In Theorem 1.1 we prove as a new result that Tmλ1,...,λn defines a bounded
operator from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). Moreover, in Proposition
2.3 we establish a representation of the operator Tmλ1,...,λn as a principal value integral operator
in Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞ .
As an application of Theorem 1.1 we can show Lp-boundedness properties for the imaginary
powers of the Bessel operator ∆λ1,...,λn . We define, for every β ∈ R, the function
φβ(t) =
t−iβ
Γ(1− iβ) , t ∈ (0,∞).
We have that
mβ(y) =
n∑
j=1
y2j
∫ ∞
0
e
−t
n∑
j=1
y2j
φβ(t)dt =
 n∑
j=1
y2j
iβ , y = (y1, . . . , yn) ∈ (0,∞)n and β ∈ R.
For every β ∈ R, the iβ-power ∆iβλ1,...,λn of ∆λ1,...,λn is defined by
∆iβλ1,...,λn = T
mβ
λ1,...,λn
.
From Theorem 1.1 we deduce the following.
Corollary 1.1. Let β ∈ R. Then, the operator ∆iβλ1,...,λn is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx)
into itself, for every 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
The next properties of the modified Bessel function Iν , ν > −1, that can be found in [11,
Chapter 5], are very useful in the sequel:
(4) z−νIν(z) ∼ 1
2νΓ(ν + 1)
, as z → 0+;
(5) Iν(z) =
ez√
2piz
(
n∑
k=0
(−1)k[ν, k](2z)−k +O
(
1
zn+1
))
, n ∈ N, z ∈ (0,∞),
where [ν, 0] = 1 and
[ν, k] =
(4ν2 − 1)(4ν2 − 32) . . . (4ν2 − (2k − 1)2)
22kΓ(k + 1)
, k = 1, 2, . . . ;
and
(6)
d
dz
(
z−νIν(z)
)
= z−νIν+1(z), z ∈ (0,∞).
Also, we will use the following properties of the Bessel function Jν , ν > −1, (see [11, pages
110 and 123]):
(7) z−νJν(z) ∼ 1
2νΓ(ν + 1)
, as z → 0+;
(8) Jν(z) =
√
2
piz
(
cos
(
z − νpi
2
− pi
4
)
+O
(
1
z
))
, z ∈ (0,∞);
and
(9)
d
dz
(
z−νJν(z)
)
= −z−νJν+1(z), z ∈ (0,∞).
The heat kernel associated with the Bessel operator −∆λ,x can be written in terms of Bessel
functions by ([22, p. 395])
(10)
Wλt (x, y) =
∫ ∞
0
e−tz
2
(zx)−λ+1/2Jλ−1/2(zx)(zy)−λ+1/2Jλ−1/2(zy)z2λdz, t, x, y ∈ (0,∞).
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The n-dimensional Hankel transform on function and distribution spaces has been studied by
Molina and Trione ([12]). A formula connecting Hankel transform and Bessel operators that we
will use is the following
(11) hλ1,...,λn(∆λ1,...,λnf)(x) = |x|2hλ1,...,λn(f)(x), x ∈ (0,∞)n and f ∈ C∞c ((0,∞)n).
Also the Plancherel type equality
(12)
∫
(0,∞)n
hλ1,...,λn(f)(x)hλ1,...,λn(g)(x)
n∏
j=1
x
2λj
j dx =
∫
(0,∞)n
f(x)g(x)
n∏
j=1
x
2λj
j dx,
holds for every f , g ∈ L2((0,∞)n,
n∏
j=1
x
2λj
j dx) (see [3, Lemma 2.7]).
Throughout this paper we will always denote by C a suitable positive constant that can
change from one line to the other one. Also, we will use repeatedly without saying it that, for
every k ∈ N, sup
z>0
zke−z <∞.
2. Proof of Theorem 1.1
In order to prove Theorem 1.1 we need to establish a pointwise integral representation for the
multiplier operator Tmλ1,...,λn as a principal value integral operator (see Proposition 2.1 below).
In the sequel we assume that
m(x) =
n∑
j=1
x2j
∫ ∞
0
e
−t
n∑
j=1
x2j
φ(t)dt, x ∈ (0,∞)n,
where φ ∈ L∞((0,∞)n).
Firstly we prove the following result.
Lemma 2.1. Let λj > −1/2, j = 1, . . . , n. Assume that f ∈ C∞c ((0,∞)n). Then,
Tmλ1,...,λn(f)(x) =
∫ ∞
0
φ(t)hλ1,...,λn
 n∑
j=1
y2j e
−t
n∑
j=1
y2j
hλ1,...,λn(f)(y)
 (x)dt, a.e. x ∈ (0,∞)n.
Proof. Let g ∈ C∞c ((0,∞)n). By using Plancherel equality (12) we get∫
(0,∞)n
Tmλ1,...,λn(f)(x)g(x)
n∏
j=1
x
2λj
j dx
=
∫
(0,∞)n
n∑
j=1
y2j
∫ ∞
0
e
−t
n∑
j=1
y2j
φ(t)dt hλ1,...,λn(f)(y)hλ1,...,λn(g)(y)
n∏
j=1
y
2λj
j dy
=
∫ ∞
0
φ(t)
∫
(0,∞)n
n∑
j=1
y2j e
−t
n∑
j=1
y2j
hλ1,...,λn(f)(y)hλ1,...,λn(g)(y)
n∏
j=1
y
2λj
j dydt.
The interchange of the order of integration is justify because we can write∫
(0,∞)n
n∑
j=1
y2j
∫ ∞
0
|φ(t)|e
−t
n∑
j=1
y2j
dt |hλ1,...,λn(f)(y)| |hλ1,...,λn(g)(y)|
n∏
j=1
y
2λj
j dy
≤C
∫
(0,∞)n
|hλ1,...,λn(f)(y)| |hλ1,...,λn(g)(y)|
n∏
j=1
y
2λj
j dy
≤C‖hλ1,...,λn(f)‖
L2((0,∞)n,
n∏
j=1
x
2λj
j dx)
‖hλ1,...,λn(g)‖
L2((0,∞)n,
n∏
j=1
x
2λj
j dx)
=C‖f‖
L2((0,∞)n,
n∏
j=1
x
2λj
j dx)
‖g‖
L2((0,∞)n,
n∏
j=1
x
2λj
j dx)
<∞,
where we have used that hλ1,...,λn is an isometry in L2((0,∞)n,
n∏
j=1
x
2λj
j dx) .
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Then, by using again (12), we obtain∫
(0,∞)n
Tmλ1,...,λn(f)(x)g(x)
n∏
j=1
x
2λj
j dx
=
∫ ∞
0
φ(t)
∫
(0,∞)n
hλ1,...,λn
 n∑
j=1
y2j e
−t
n∑
j=1
y2j
hλ1,...,λn(f)(y)
 (x)g(x) n∏
j=1
x
2λj
j dxdt.
According to (7) and (8), for each 0 ≤ r ≤ n,∫ 1/x1
0
. . .
∫ 1/xr
0
∫ ∞
1/xr+1
. . .
∫ ∞
1/xn
|
n∏
j=1
(xjyj)
−λj+1/2Jλj−1/2(xjyj)|
×
n∑
j=1
y2j e
−t
n∑
j=1
y2j |hλ1,...,λn(f)(y)|
n∏
j=1
y
2λj
j dy
≤C
n∏
j=r+1
x
−λj
j
∫
(0,∞)n
n∑
j=1
y2j e
−t
n∑
j=1
y2j |hλ1,...,λn(f)(y)|
r∏
j=1
y
2λj
j
n∏
j=r+1
y
λj
j dy, x ∈ (0,∞)n.
Then, since |y|lhλ1,...,λn(f) is bounded on (0,∞)n, for every l ∈ N, and g ∈ C∞c ((0,∞)n), we
get, for every 0 ≤ r ≤ n,∫ ∞
0
|φ(t)|
∫
(0,∞)n
∫ 1/x1
0
. . .
∫ 1/xr
0
∫ ∞
1/xr+1
. . .
∫ ∞
1/xn
|
n∏
j=1
(xjyj)
−λj+1/2Jλj−1/2(xjyj)|
×
n∑
j=1
y2j e
−t
n∑
j=1
y2j |hλ1,...,λn(f)(y)|
n∏
j=1
y
2λj
j dy|g(x)|
n∏
j=1
x
2λj
j dxdt
≤C
∫ ∞
0
∫
(0,∞)n
∫
(0,∞)n
n∑
j=1
y2j e
−t
n∑
j=1
y2j |hλ1,...,λn(f)(y)||g(x)|
×
r∏
j=1
y
2λj
j
n∏
j=r+1
y
λj
j
r∏
j=1
x
2λj
j
n∏
j=r+1
x
λj
j dydxdt
≤C
∫
(0,∞)n
|g(x)|
r∏
j=1
x
2λj
j
n∏
j=r+1
x
λj
j dx
×
∫
(0,∞)n
∫ ∞
0
n∑
j=1
y2j e
−t
n∑
j=1
y2j
dt
 |hλ1,...,λn(f)(y)| r∏
j=1
y
2λj
j
n∏
j=r+1
y
λj
j dy
≤C
∫
(0,∞)n
|g(x)|
r∏
j=1
x
2λj
j
n∏
j=r+1
x
λj
j dx
∫
(0,∞)n
|hλ1,...,λn(f)(y)|
r∏
j=1
y
2λj
j
n∏
j=r+1
y
λj
j dy
 <∞.
Note that these estimates also show that the function
G(x) =
∫ ∞
0
φ(t)hλ1,...,λn
 n∑
j=1
y2j e
−t
n∑
j=1
y2j
hλ1,...,λn(f)(y)
 (x)dt, x ∈ (0,∞)n,
is in L1loc((0,∞)n).
We conclude that∫
(0,∞)n
Tmλ1,...,λn(f)(x)g(x)
n∏
j=1
x
2λj
j dx
=
∫
(0,∞)n

∫ ∞
0
φ(t)hλ1,...,λn
 n∑
j=1
y2j e
−t
n∑
j=1
y2j
hλ1,...,λn(f)(y)
 (x)dt
 g(x)
n∏
j=1
x
2λj
j dx.
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Thus, the proof of this Lemma finishes because Tmλ1,...,λn(f) ∈ L2((0,∞)n,
n∏
j=1
x
2λj
j dx) ⊂ L1loc((0,∞)n).

We now establish a crucial result in order to prove Theorem 1.1.
Proposition 2.1. Let λj > −1/2, j = 1, . . . , n. Assume that f ∈ C∞c ((0,∞)n). Then
Tmλ1,...,λn(f)(x) = − lim
ε→0+
α(ε)f(x) + ∫
(0,∞)n, |y−x|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
 , a.e. x ∈ (0,∞)n,
where
Kφλ1,...,λn(x, y) =
∫ ∞
0
φ(t)
∂
∂t
n∏
j=1
W
λj
t (xj , yj)dt, x, y ∈ (0,∞)n, x 6= y,
and α is a bounded function on (0,∞). Moreover, if there exists the limit φ(0+) = lim
t→0+
φ(t),
then
Tmλ1,...,λn(f)(x) = Cφ(0
+)f(x)− lim
ε→0+
∫
(0,∞)n, |y−x|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
 , a.e. x ∈ (0,∞)n,
being C a positive constant.
Proof. Assume that n ≥ 2. When n = 1 we can proceed in a similar way. By Lemma 2.1 and
(11) we can write, for a.e. x ∈ (0,∞)n,
(13) Tmλ1,...,λn(f)(x) =
∫ ∞
0
φ(t)hλ1,...,λn
(
e
−t
n∑
j=1
y2j
hλ1,...,λn(∆λ1,...,λnf)(y)
)
(x)dt.
Fix x ∈ (0,∞)n such that (13) holds. According to (7) and (8), for each 0 ≤ r, s ≤ n, it follows
that, ∫ 1/x1
0
. . .
∫ 1/xr
0
∫ ∞
1/xr+1
. . .
∫ ∞
1/xn
n∏
j=1
∣∣∣(xjyj)−λj+1/2Jλj−1/2(xjyj)∣∣∣ e−t
n∑
j=1
y2j
×
∫ 1/y1
0
. . .
∫ 1/ys
0
∫ ∞
1/ys+1
. . .
∫ ∞
1/yn
n∏
j=1
∣∣∣(yjzj)−λj+1/2Jλj−1/2(yjzj)∣∣∣
× |∆λ1,...,λnf(z)|
n∏
j=1
z
2λj
j dz
n∏
j=1
y
2λj
j dy
≤C
n∏
j=r+1
x
−λj
j
∫
(0,∞)n
e
−t
n∑
j=1
y2j
n∏
j=r+1
y
−λj
j
s∏
j=1
y
2λj
j
n∏
j=s+1
y
λj
j dy
×
∫
(0,∞)n
|∆λ1,...,λnf(z)|
s∏
j=1
z
2λj
j
n∏
j=s+1
z
λj
j dz <∞, t > 0.
Then, by interchanging the order of integration and by using (10), we get
hλ1,...,λn
(
e
−t
n∑
j=1
y2j
hλ1,...,λn(∆λ1,...,λnf)(y)
)
(x)
=
∫
(0,∞)n
∆λ1,...,λnf(z)
n∏
j=1
∫ ∞
0
e−ty
2
j (xjyj)
−λj+1/2Jλj−1/2(xjyj)
× (yjzj)−λj+1/2Jλj−1/2(yjzj)y2λjj dyj
n∏
j=1
z
2λj
j dz
=
∫
(0,∞)n
∆λ1,...,λnf(z)
n∏
j=1
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dz, t > 0,(14)
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where, for every α > −1/2, Wαt (u, v), t, u, v ∈ (0,∞), is defined in (3).
We choose a > 1 such that supp f ⊂ Kn, where K = [1/a, a]. If α > −1/2, by (4), (5) and
(6), we obtain, for every b > 0,
∣∣∣Wαt (u, v)− t−α−1/222αΓ(α+ 1/2) ∣∣∣ = ∣∣∣ 1(2t)α+1/2 (uv2t )−α+1/2 Iα−1/2 (uv2t ) e−u2+v24t − t−α−1/222αΓ(α+ 1/2) ∣∣∣
≤ 1
(2t)α+1/2
e−
u2+v2
4t
∣∣∣ (uv
2t
)−α+1/2
Iα−1/2
(uv
2t
)
− 1
2α−1/2Γ(α+ 1/2)
∣∣∣
+
t−α−1/2
22αΓ(α+ 1/2)
∣∣∣e−u2+v24t − 1∣∣∣
≤ uv
(2t)α+3/2
e−
u2+v2
4t sup
z∈(0,uv2t )
∣∣∣ d
dz
(
z−α+1/2Iα−1/2(z)
) ∣∣∣+ Cu2 + v2
tα+3/2
≤C
(
(uv)2
tα+5/2
+
u2 + v2
tα+3/2
)
≤C 1
tα+3/2
, t > 1, 0 < u ≤ b, and v ∈ K.
Then, by using again (4) and (5), it follows that
∣∣∣ n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣
≤
n∑
i=1
i−1∏
j=1
t−(λj+1/2)
22λjΓ(λj + 1/2)
∣∣∣Wλit (xi, yi)− t−(λi+1/2)22λiΓ(λi + 1/2)
∣∣∣ n∏
j=i+1
W
λj
t (xj , yj)
≤C 1
t
n∑
j=1
(λj+1/2)+1
, t > 1 and y ∈ Kn.(15)
On the other hand, by (7) and (11) we have
∫
(0,∞)n
∆λ1,...,λnf(z)
n∏
j=1
z
2λj
j dz =
n∏
j=1
2λj−1/2Γ(λj + 1/2)
× lim
y→0
∫
(0,∞)n
∆λ1,...,λnf(z)
n∏
j=1
(zjyj)
−λj+1/2Jλj−1/2(zjyj)
n∏
j=1
z
2λj
j dz
=
n∏
j=1
2λj−1/2Γ(λj + 1/2) lim
y→0
n∑
j=1
y2jhλ1,...,λn(f)(y) = 0.(16)
According to (13), (14), and (16) (suggested by (15)), we can write
Tmλ1,...,λn(f)(x) =
∫ ∞
0
φ(t)
∫
(0,∞)n
∆λ1,...,λnf(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)

×
n∏
j=1
z
2λj
j dzdt.(17)
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The last integral is absolutely convergent. Indeed, in order to do this we split the integral in the
following way
∫ ∞
0
|φ(t)|
∫
(0,∞)n
|∆λ1,...,λnf(z)|
∣∣∣∣∣∣∣∣
n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣∣∣∣∣∣
n∏
j=1
z
2λj
j dzdt
≤C
(∫ 1
0
+
∫ ∞
1
)∫
(0,∞)n
|∆λ1,...,λnf(z)|
∣∣∣∣∣∣∣∣
n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣∣∣∣∣∣
n∏
j=1
z
2λj
j dzdt
=I1(x) + I2(x).
Since by using the inversion formula for Hankel transform and (10) we get∫ ∞
0
Wαt (u, z)z
2αdz = 1, u ∈ (0,∞),
when α > −1/2, it follows that
I1(x) ≤ C
∫ 1
0
∫
(0,∞)n
|∆λ1,...,λnf(z)|
n∏
j=1
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt ≤ C.
Also, by (15) we obtain
I2(x) ≤C
∫ ∞
1
1
t
n∑
j=1
(λj+1/2)+1
∫
Kn
|∆λ1,...,λnf(z)|
n∏
j=1
z
2λj
j dzdt ≤ C.
By (17) we have
Tmλ1,...,λn(f)(x) = lim
ε→0+
∫ ∞
0
φ(t)
∫
(0,∞)n
|z − x| > ε
∆λ1,...,λnf(z)
×
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 n∏
j=1
z
2λj
j dzdt.(18)
Assume that ε is small enough, for instance, 0 < ε < xi/2, i = 1, ..., n. We now analyze the
integral
Iε(x, t) =
∫
Kn
|z − x| > ε
∆λ1,z1f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 n∏
j=1
z
2λj
j dz, t > 0.
The study of the integral involving ∆λj ,zj , j = 2, . . . , n, can be made in a similar way. We write
y¯ = (y2, . . . , yn) when y = (y1, y2, . . . , yn) ∈ (0,∞)n. We can write
Iε(x, t) =
∫
|z¯−x¯|>ε
∫ ∞
0
∆λ1,z1f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 n∏
j=1
z
2λj
j dz
+
∫
|z¯−x¯|<ε
(∫ x1−√ε2−|z¯−x¯|2
0
+
∫ ∞
x1+
√
ε2−|z¯−x¯|2
)
∆λ1,z1f(z)
×
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 n∏
j=1
z
2λj
j dz
=Iε1(x, t) + I
ε
2(x, t), t > 0.(19)
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By partial integration we obtain
∫ ∞
0
∆λ1,z1f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 z2λ11 dz1
=− z2λ11
∂
∂z1
f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)


∞
0
+ z2λ11
∂
∂z1
 n∏
j=1
W
λj
t (xj , zj)
 f(z)
∞
0
+
∫ ∞
0
f(z)∆λ1,z1W
λ1
t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)z
2λ1
1 dz1
=
∫ a
1/a
f(z)∆λ1,z1W
λ1
t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)z
2λ1
1 dz1, t > 0 and z¯ ∈ Kn−1.
Differentiating in (10), by using (9) and [11, (5.3.6), p. 103], we get−∆α,uWαt (u, v) = ∂∂tWαt (u, v),
u, v, t > 0, α > −1/2, and it follows that
Iε1(x, t) =
∫
|z¯−x¯|>ε
∫ ∞
0
∆λ1,z1f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 n∏
j=1
z
2λj
j dz
= −
∫
|z¯−x¯|>ε
∫ ∞
0
f(z)
∂
∂t
Wλ1t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dz, t > 0.(20)
In a similar way we obtain
(∫ x1−√ε2−|z¯−x¯|2
0
+
∫ ∞
x1+
√
ε2−|z¯−x¯|2
)
∆λ1,z1f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 z2λ11 dz1
=
(∫ x1−√ε2−|z¯−x¯|2
0
+
∫ ∞
x1+
√
ε2−|z¯−x¯|2
)
f(z)∆λ1,z1W
λ1
t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)z
2λ1
1 dz1
−
(
H1(x, x1 −
√
ε2 − |z¯ − x¯|2, z¯, t)−H1(x, x1 +
√
ε2 − |z¯ − x¯|2, z¯, t)
)
+H2(x, x1 −
√
ε2 − |z¯ − x¯|2, z¯, t)−H2(x, x1 +
√
ε2 − |z¯ − x¯|2, z¯, t), |x¯− z¯| < ε and t > 0.
where
H1(x, z, t) = z
2λ1
1
∂
∂z1
f(z)
 n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 , t > 0 and z ∈ (0,∞)n,
and
H2(x, z, t) = z
2λ1
1
∂
∂z1
 n∏
j=1
W
λj
t (xj , zj)
 f(z), t > 0 and z ∈ (0,∞)n.
We have, by (20), that
Iε1(x, t) +
∫
|z¯−x¯|<ε
(∫ x1−√ε2−|z¯−x¯|2
0
+
∫ ∞
x1+
√
ε2−|z¯−x¯|2
)
f(z)∆λ1,z1W
λ1
t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dz
= −
∫
|z−x|>ε
f(z)
∂
∂t
Wλ1t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dz, t > 0.
(21)
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Moreover, according to (4), (5), and (6) it follows that, if K is a compact subset of (0,∞), for
every z1 ∈ K,
∣∣∣ ∂
∂z1
Wλ1t (x1, z1)
∣∣∣ =∣∣∣ ∂
∂z1
(
1
(2t)λ1+1/2
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−(x
2
1+z
2
1)/4t
) ∣∣∣
=
1
(2t)λ1+1/2
∣∣∣x1
2t
(x1z1
2t
)−λ1+1/2
Iλ1+1/2
(x1z1
2t
)
− z1
2t
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
) ∣∣∣e−(x21+z21)/4t
≤C

1
tλ1+3/2
, t ≥ 1
1
t
e−(x1−z1)
2/8t , 0 < t < 1.
(22)
Then, since f ∈ C∞c ((0,∞)n), by using main value theorem, (4), (15) and (22) imply that
∣∣H1(x, x1−√ε2 − |z¯ − x¯|2, z¯, t)−H1(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣
≤∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1( ∂
∂z1
f
)
(x1 −
√
ε2 − |z¯ − x¯|2, z¯)
− (x1 +
√
ε2 − |z¯ − x¯|2)2λ1
( ∂
∂z1
f
)
(x1 +
√
ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣Wλ1t (x1, x1 +√ε2 − |z¯ − x¯|2) n∏
j=2
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣
+
∣∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1 ( ∂
∂z1
f
)
(x1 −
√
ε2 − |z¯ − x¯|2, z¯)
∣∣∣
×
∣∣∣Wλ1t (x1, x1 −√ε2 − |z¯ − x¯|2)−Wλ1t (x1, x1 +√ε2 − |z¯ − x¯|2)∣∣∣ n∏
j=2
W
λj
t (xj , zj)
≤C ε
t
n∑
j=1
(λj+1/2)+1
, t ≥ 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε.(23)
Also, from (5) and (22) we deduce
∣∣H1(x, x1−√ε2 − |z¯ − x¯|2, z¯, t)−H1(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣
≤C
{√
ε2 − |z¯ − x¯|2 (x1(x1 +
√
ε2 − |z¯ − x¯|2))−λ1√
t
+
∣∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1( ∂
∂z1
f
)
(x1 −
√
ε2 − |z¯ − x¯|2, z¯)
∣∣∣
×
∫ x1+√ε2−|z¯−x¯|2
x1−
√
ε2−|z¯−x¯|2
∣∣∣ ∂
∂z1
Wλ1t (x1, z1)
∣∣∣dz1} n∏
j=2
W
λj
t (xj , zj)
≤C
{
ε√
t
+
∫ x1+√ε2−|z¯−x¯|2
x1−
√
ε2−|z¯−x¯|2
e−|x1−z1|
2/8t
t
dz1
}
×
n∏
j=2
1√
t
e−(xj−zj)
2/4t, 0 < t < 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε.(24)
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By (23), we can write∫ ∞
1
|φ(t)|
∫
z¯∈Kn−1, |z¯−x¯|<ε
∣∣H1(x, x1 −√ε2 − |z¯ − x¯|2, z¯, t)−H1(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣ n∏
j=2
z
2λj
j dz¯dt
≤Cε
∫ ∞
1
∫
|z¯−x¯|<ε
1
t
n∑
j=1
(λj+1/2)+1
n∏
j=2
z
2λj
j dz¯dt −→ 0, ε→ 0+.
(25)
By (24) and by using [20, Lemma 1.1], when n > 2 it follows∫ 1
0
|φ(t)|
∫
z¯∈Kn−1, |z¯−x¯|<ε
∣∣H1(x, x1 −√ε2 − |z¯ − x¯|2, z¯, t)−H1(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣ n∏
j=2
z
2λj
j dz¯dt
≤C
(
ε
∫ 1
0
∫
z¯∈Kn−1, |z¯−x¯|<ε
e−|z¯−x¯|
2/4t
tn/2
dz¯dt+
∫ 1
0
∫
z¯∈Kn−1, |z¯−x¯|<ε
∫ x1+√ε2−|z¯−x¯|2
x1−
√
ε2−|z¯−x¯|2
e−|z−x|
2/8t
t(n+1)/2
dzdt
)
≤C
(
ε
∫
|z¯−x¯|<ε
dz¯
|z¯ − x¯|n−2 +
∫
|z−x|<ε
dz
|z − x|n−1
)
→ 0, as ε→ 0+.
(26)
For n = 2 we can proceed analogously.
We now write, for each t > 0, z¯ ∈ Kn−1 and |z¯ − x¯| < ε,∣∣H2(x, x1 −√ε2 − |z¯ − x¯|2, z¯, t)−H2(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣
≤∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)− (x1 +√ε2 − |z¯ − x¯|2)2λ1f(x1 +√ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣ ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣ n∏
j=2
W
λj
t (xj , zj)
+
∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣ ∂
∂z1
Wλ1t (x1, x1 −
√
ε2 − |z¯ − x¯|2)− ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣ n∏
j=2
W
λj
t (xj , zj).
By (22), mean value theorem leads to∣∣(x1−√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)− (x1 +√ε2 − |z¯ − x¯|2)2λ1f(x1 +√ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣ ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣ n∏
j=2
W
λj
t (xj , zj)
≤C ε
tλ1+3/2
n∏
j=2
1
tλj+1/2
, t ≥ 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε.
(27)
On the other hand, by (6) we get
∂2
∂z21
Wλ1t (x1, z1) =
e−(x
2
1+z
2
1)/4t
(2t)λ1+1/2
{(x1
2t
)2 [(x1z1
2t
)−λ1−1/2
Iλ1+1/2
(x1z1
2t
)
+
(x1z1
2t
)2 (x1z1
2t
)−λ1−3/2
Iλ1+3/2
(x1z1
2t
)
− z
2
1
2t
(x1z1
2t
)−λ1−1/2
Iλ1+1/2
(x1z1
2t
)]
− 1
2t
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
− z1
2t
[
x21z1
4t2
(x1z1
2t
)−λ1−1/2
Iλ1+1/2
(x1z1
2t
)
− z1
2t
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)]}
, t, z1 > 0.
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Then, (4) implies that
∣∣∣ ∂2
∂z21
Wλ1t (x1, z1)
∣∣∣ ≤ C e−(x21+z21)/4t
tλ1+1/2
×
(x21
t2
[
1 +
(x1z1
t
)2
+
z21
t
]
+
1
t
+
z1
t
(x21z1
t2
+
z1
t
))
≤ C
tλ1+3/2
, t ≥ 1, z1 ∈ K.
Hence, it obtains∣∣(x1−√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣ ∂
∂z1
Wλ1t (x1, x1 −
√
ε2 − |z¯ − x¯|2)− ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣ n∏
j=2
W
λj
t (xj , zj)
≤C ε
tλ1+3/2
n∏
j=2
1
tλj+1/2
, t ≥ 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε.
(28)
From (27) and (28) we deduce that
∫ ∞
1
|φ(t)|
∫
z¯∈Kn−1, |z¯−x¯|<ε
∣∣H2(x, x1 −√ε2 − |z¯ − x¯|2, z¯, t)−H2(x, x1 +√ε2 − |z¯ − x¯|2, z¯, t)∣∣ n∏
j=2
z
2λj
j dz¯dt
≤Cε
∫ ∞
1
∫
z¯∈Kn−1, |z¯−x¯|<ε
1
t
n∑
j=1
(λj+1/2)+1
n∏
j=2
z
2λj
j dz¯dt −→ 0, as ε→ 0+.
(29)
By (5) and (22) it has,
∣∣(x1−√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)− (x1 +√ε2 − |z¯ − x¯|2)2λ1f(x1 +√ε2 − |z¯ − x¯|2, z¯)∣∣
×
∣∣∣ ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣ n∏
j=2
W
λj
t (xj , zj)
≤C
√
ε2 − |z¯ − x¯|2 1
t(n+1)/2
n∏
j=2
(xjzj)
−λje−
|x¯−z¯|2
4t − ε
2−|x¯−z¯|2
8t
≤Cε 1
t(n+1)/2
e−
ε2
8t , 0 < t < 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε.
Then [20, Lemma 1.1] allows us to get
∫ 1
0
|φ(t)|
∫
|x¯−z¯|<ε
∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)
− (x1 +
√
ε2 − |z¯ − x¯|2)2λ1f(x1 +
√
ε2 − |z¯ − x¯|2, z¯)∣∣∣∣∣ ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
∣∣∣
×
n∏
j=2
W
λj
t (xj , zj)
n∏
j=2
z
2λj
j dz¯dt
≤ Cε
∫
|x¯−z¯|<ε
∫ 1
0
e−ε
2/8t
t(n+1)/2
dtdz¯
≤ Cε −→ 0, as ε→ 0+.
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Also, we write, for each 0 < t < 1, z¯ ∈ Kn−1 and |z¯ − x¯| < ε,
(x1−
√
ε2 − |z¯ − x¯|2)2λ1f(x1 −
√
ε2 − |z¯ − x¯|2, z¯)
(
∂
∂z1
Wλ1t (x1, x1 −
√
ε2 − |z¯ − x¯|2)
− ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
) n∏
j=2
W
λj
t (xj , zj)
=
(
(x1 −
√
ε2 − |z¯ − x¯|2)2λ1f(x1 −
√
ε2 − |z¯ − x¯|2, z¯)− x2λ11 f(x)
)( ∂
∂z1
Wλ1t (x1, x1 −
√
ε2 − |z¯ − x¯|2)
− ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
) n∏
j=2
W
λj
t (xj , zj) + x
2λ1
1 f(x)
(
∂
∂z1
Wλ1t (x1, x1 −
√
ε2 − |z¯ − x¯|2)
− ∂
∂z1
Wλ1t (x1, x1 +
√
ε2 − |z¯ − x¯|2)
) n∏
j=2
W
λj
t (xj , zj).
By (22) we have
∣∣∣ ∂
∂z1
Wλ1t (x1, z1)
∣∣∣ ≤ C e−(x1−z1)2/8t
t
, 0 < t < 1, z1 ∈ K.
By proceeding as above we obtain,∫ 1
0
|φ(t)|
∫
z¯∈Kn−1, |x¯−z¯|<ε
∣∣(x1 −√ε2 − |z¯ − x¯|2)2λ1f(x1 −√ε2 − |z¯ − x¯|2, z¯)− x2λ11 f(x)∣∣
×
∣∣∣∣ ∂∂z1Wλ1t (x1, x1 −√ε2 − |z¯ − x¯|2)− ∂∂z1Wλ1t (x1, x1 +√ε2 − |z¯ − x¯|2)
∣∣∣∣ n∏
j=2
W
λj
t (xj , zj)
n∏
j=2
z
2λj
j dz¯
≤Cε
∫
z¯∈Kn−1, |x¯−z¯|<ε
∫ 1
0
e−ε
2/8t
t(n+1)/2
dtdz¯
≤Cε −→ 0, as ε→ 0+.
From the above estimates we conclude that
∫ ∞
0
φ(t)
∫
(0,∞)n
∆λ1,z1f(z)
( n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
) n∏
j=1
z
2λj
j dzdt
= − lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλ1t (x1, z1)
) n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt
+ f(x)x2λ11
∫ 1
0
φ(t)
∫
|x¯−z¯|<ε
∫ x1+√ε2−|x¯−z¯|2
x1−
√
ε2−|x¯−z¯|2
∂2
∂z21
Wλ1t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)dz1
n∏
j=2
z
2λj
j dz¯dt

=− lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλ1t (x1, z1)
) n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt
+ f(x)x2λ11
∫ 1
0
φ(t)
∫
|x−z|<ε
∂2
∂z21
Wλ1t (x1, z1)
n∏
j=2
W
λj
t (xj , zj)
n∏
j=2
z
2λj
j dzdt
 .
We now denote by Wt(u, v) the classical heat kernel, that is,
Wt(u, v) =
1
2
√
pit
e−|u−v|
2/4t, u, v ∈ R, t > 0.
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According to (6) we get
∂2
∂z21
Wλ1t (x1, z1) =
∂2
∂z21
[ √
2pi
(2t)λ1
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−x1z1/2tWt(x1, z1)
]
=
√
2pi
(2t)λ1
{
∂2
∂z21
[(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−x1z1/2t
]
Wt(x1, z1)
+ 2
∂
∂z1
[(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−x1z1/2t
]
∂
∂z1
Wt(x1, z1)
+
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−x1z1/2t
∂2
∂z21
Wt(x1, z1)
}
=
√
2pi
(2t)λ1
e−x1z1/2t
(x1z1
2t
)−λ1 {[(x1z1
2t
)1/2
Iλ1+3/2
(x1z1
2t
)
+
(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
) 2t
x1z1
− 2
(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
)
+
(x1z1
2t
)1/2
Iλ1−1/2
(x1z1
2t
)]
Wt(x1, z1)
(x1
2t
)2
+
x1
t
[(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
)
−
(x1z1
2t
)1/2
Iλ1−1/2
(x1z1
2t
)] ∂
∂z1
Wt(x1, z1)
+
[(x1z1
2t
)1/2
Iλ1−1/2
(x1z1
2t
)] ∂2
∂z21
Wt(x1, z1)
}
, t, z1 ∈ (0,∞).
By using (5) we obtain for every 0 < t < 1, and z1 ∈ K,
•
∣∣∣∣∣
√
2pi
(2t)λ1
(x1z1
2t
)−λ1+1/2
Iλ1−1/2
(x1z1
2t
)
e−x1z1/2t
∂2
∂z21
Wt(x1, z1)− (x1z1)−λ1 ∂
2
∂z21
Wt(x1, z1)
∣∣∣∣
≤Ct
∣∣∣∣ ∂2∂z21Wt(x1, z1)
∣∣∣∣ ,(30)
•
∣∣∣∣∣
√
2pi
(2t)λ1
(x1z1
2t
)−λ1 x1
2t
∂
∂z1
Wt(x1, z1)e−x1z1/2t
[(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
)
−
(x1z1
2t
)1/2
Iλ1−1/2
(x1z1
2t
)]∣∣∣∣ ≤ C ∣∣∣∣ ∂∂z1Wt(x1, z1)
∣∣∣∣ ;(31)
and
•
∣∣∣∣∣
√
2pi
(2t)λ1
e−x1z1/2t
(x1z1
2t
)−λ1
Wt(x1, z1)
(x1
2t
)2((x1z1
2t
)1/2
Iλ1+3/2
(x1z1
2t
)
+
(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
) 2t
x1z1
− 2
(x1z1
2t
)1/2
Iλ1+1/2
(x1z1
2t
)
+
(x1z1
2t
)1/2
Iλ1−1/2
(x1z1
2t
))∣∣∣∣
≤ CWt(x1, z1).(32)
Hence, we get for every 0 < t < 1, and z1 ∈ K,∣∣∣∣ ∂2∂z21Wλ1t (x1, z1)− (x1z1)−λ1 ∂
2
∂z21
Wt(x1, z1)
∣∣∣∣ ≤ C e−(x1−z1)2/8tt .
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Then, by involving again (5) and [20, Lemma 1.1] we have that
∫ 1
0
|φ(t)|
∫
|x−z|<ε
∣∣∣∣ ∂2∂z21Wλ1t (x1, z1)− (x1z1)−λ1 ∂
2
∂z21
Wt(x1, z1)
∣∣∣∣ n∏
j=2
W
λj
t (xj , zj)
n∏
j=2
z
2λj
j dzdt
≤C
∫
|x−z|<ε
∫ 1
0
e−|x−z|
2/8t
t(n+1)/2
n∏
j=2
z
2λj
j dtdz
≤C
∫
|x−z|<ε
dz
|x− z|n−1 ≤ Cε −→ 0, as ε→ 0
+.
Also, (5) leads to, for every 0 < t < 1, and z ∈ Kn,
∣∣∣ i−1∏
j=1
(xjzj)
−λj ∂
2
∂z21
Wt(x1, z1)
i−1∏
j=2
Wt(xj , zj)
(
Wλit (xi, zi)− (xizi)−λiWt(xi, zi)
)
×
n∏
j=i+1
W
λj
t (xj , zj)
∣∣∣ ≤ C e−|x−z|2/8t
tn/2
, i = 2, . . . , n.
Then, we have that for every i = 2, . . . , n,
∫ 1
0
|φ(t)|
∫
|x−z|<ε
∣∣∣ i−1∏
j=1
(xjzj)
−λj ∂
2
∂z21
Wt(x1, z1)
i−1∏
j=2
Wt(xj , zj)
(
Wλit (xi, zi)− (xizi)−λiWt(xi, zi)
)
×
n∏
j=i+1
W
λj
t (xj , zj)
∣∣∣ n∏
j=2
z
2λj
j dzdt
≤C
∫
|x−z|<ε
∫ 1
0
e−|x−z|
2/8t
tn/2
dtdz
≤C
∫
|x−z|<ε
dz
|x− z|n−2 −→ 0, as ε→ 0
+,
provided that n > 2. When n = 2 we proceed in a similar way.
Hence, we conclude that
∫ ∞
0
φ(t)
∫
(0,∞)n
∆λ1,z1f(z)
( n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
) n∏
j=1
z
2λj
j dzjdt
= − lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλ1t (x1, z1)
) n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt
+ f(x)x2λ11
∫ 1
0
φ(t)
∫
|x−z|<ε
n∏
j=1
(xjzj)
−λj ∂
2
∂z21
Wt(x1, z1)
n∏
j=2
Wt(xj , zj)
n∏
j=2
z
2λj
j dzdt
 .
On the other hand, the mean value theorem allows us to write, for every α ∈ R, and j =
1, . . . , n,
|zαj − xαj |
∣∣∣∣∣∣ ∂
2
∂z21
Wt(x1, z1)
n∏
j=2
Wt(xj , zj)
∣∣∣∣∣∣ ≤ C|zj − xj |e
−|x−z|2/8t
tn/2+1
≤ C e
−|x−z|2/16t
t(n+1)/2
, t > 0 and z ∈ Kn.
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Then, by proceeding as above we obtain
∫ ∞
0
φ(t)
∫
(0,∞)n
∆λ1,z1f(z)
( n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
) n∏
j=1
z
2λj
j dzjdt
= − lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλ1t (x1, z1)
) n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt
+ f(x)
∫ 1
0
φ(t)
∫
|x−z|<ε
∂2
∂z21
e−|x−z|
2/4t
(2
√
pit)n
dzdt
]
=− lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλ1t (x1, z1)
) n∏
j=2
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt
+ f(x)
∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dydt
]
.(33)
Also, we have that, for every i = 2, . . . , n,
∫ ∞
0
φ(t)
∫
(0,∞)n
∆λi,zif(z)
( n∏
j=1
W
λj
t (xj , zj)−
χ(1,∞)(t)t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
) n∏
j=1
z
2λj
j dzjdt
=− lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
(
Wλit (xi, zi)
) n∏
j=1, j 6=i
W
λj
t (xj , zj)
n∏
j=1
z
2λj
j dzdt(34)
+ f(x)
∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y2i
e−|y|
2/4t
(2
√
pit)n
dydt
]
.
Then, by (33) and (34), it follows that
Tmλ1,...,λnf(x) = − lim
ε→0+
∫ ∞
0
φ(t)
∫
|x−z|>ε
f(z)
∂
∂t
( n∏
j=1
W
λj
t (xj , zj)
) n∏
j=1
z
2λj
j dzdt(35)
+ nf(x)
∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dydt
]
.
We define
α(ε) =
∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dydt, ε > 0.
We can write
α(ε) =
∫ 1
0
φ(t)
∫
|y¯|<ε
∫ √ε2−|y¯|2
−
√
ε2−|y¯|2
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dy1dy¯dt
=
∫ 1
0
φ(t)
∫
|y¯|<ε
 ∂
∂y1
(
e−(y
2
1+|y¯|2)/4t
(2
√
pit)n
)
∣∣∣y1=√ε2−|y¯|2
− ∂
∂y1
(
e−(y
2
1+|y¯|2)/4t
(2
√
pit)n
)
∣∣∣y1=−√ε2−|y¯|2
 dy¯dt, ε > 0.
Hence, [20, Lemma 1.1] leads to
|α(ε)| ≤ C
∫ 1
0
∫
|y¯|<ε
e−ε
2/8t
t(n+1)/2
dy¯dt ≤ C
∫
|y¯|<ε
∫ 1
0
e−ε
2/8t
t(n+1)/2
dtdy¯ ≤ 1
εn−1
∫
|y¯|<ε
dy¯ ≤ C, ε > 0.
Suppose now that there exists φ(0+) = lim
t→0+
φ(t). Then, we have that
(36) lim
ε→0+
∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dydt = −Mφ(0+),
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for a certain M > 0. Indeed, by making changes of variables we obtain∫ 1
0
φ(t)
∫
|y|<ε
∂2
∂y21
e−|y|
2/4t
(2
√
pit)n
dydt =
∫ 1/ε2
0
φ(sε2)
∫
|z|<1
∂2
∂z21
e−|z|
2/4s
(2
√
pis)n
dzds
=
∫ 1/ε2
0
φ(sε2)
∫
|z¯|<1
∂
∂z1
e−|z|
2/4s
(2
√
pis)n
]z1=√1−|z¯|2
z1=−
√
1−|z¯|2
dz¯ds
= −
∫ 1/ε2
0
φ(sε2)
∫
|z¯|<1
z1
2s
e−|z|
2/4s
(2
√
pis)n
]z1=√1−|z¯|2
z1=−
√
1−|z¯|2
dz¯ds
= −
∫ 1/ε2
0
φ(sε2)
∫
|z¯|<1
√
1− |z¯|2
s
e−1/4s
(2
√
pis)n
dz¯ds
= −M
∫ 1/ε2
0
φ(sε2)
e−1/4s
sn/2+1
ds, ε > 0,
where
M =
1
(2
√
pi)n
∫
|z¯|<1
√
1− |z¯|2dz¯.
Moreover, denoting by χ[0,1] the characteristic function of [0, 1], we have that∫ 1/ε2
0
φ(sε2)
e−1/4s
sn/2+1
ds =
∫ ∞
0
φ(sε2)χ[0,1](sε
2)
e−1/4s
sn/2+1
ds, ε > 0.
Then, by using the dominated convergence theorem, it follows that
lim
ε→0+
∫ 1/ε2
0
φ(sε2)
e−1/4s
sn/2+1
ds = φ(0+)
∫ ∞
0
e−1/4s
sn/2+1
ds.
Hence, there exists M > 0 for which (36) holds.
Let α > −1/2. According to (6) it follows that
∂
∂t
Wαt (u, v) =
e−(u
2+v2)/4t
2α+1/2
{
− α+ 1/2
tα+3/2
(uv
2t
)−α+1/2
Iα−1/2
(uv
2t
)
− uv
2tα+5/2
(uv
2t
)−α+1/2
Iα+1/2
(uv
2t
)
+
u2 + v2
4tα+5/2
(uv
2t
)−α+1/2
Iα−1/2
(uv
2t
)}
, u, v, t ∈ (0,∞).
(37)
Then, by (4) we obtains
(38)
∣∣∣ ∂
∂t
Wαt (u, v)
∣∣∣ ≤ C 1
tα+3/2
,
uv
t
≤ 1, u, v, t ∈ (0,∞),
and, by (5) we have∣∣∣ ∂
∂t
Wαt (u, v)
∣∣∣ ≤ C e−(u−v)2/4t
t3/2
(uv)−α
( |u− v|2
t
+ 1 +
u2 + v2
uv
)
≤ C e
−(u−v)2/4t
t3/2
(uv)−α
(
1 +
u2 + v2
uv
)
,
uv
t
≥ 1, u, v, t ∈ (0,∞).(39)
For every t > 0 and z ∈ (0,∞)n,
∂
∂t
n∏
j=1
W
λj
t (xj , zj) =
n∑
i=1
n∏
j = 1
j 6= i
W
λj
t (xj , zj)
∂
∂t
Wλit (xi, zi)
=
n∑
i=1
n∏
j = 1
j 6= i
W
λj
t (xj , zj)
e−(x
2
i+z
2
i )/4t
2λi+1/2
{
−λi + 1/2
tλi+3/2
(xizi
2t
)−λi+1/2
Iλi−1/2
(xizi
2t
)
− x
2
i z
2
i
4tλi+7/2
(xizi
2t
)−λi−1/2
Iλi+1/2
(xizi
2t
)
+
x2i + z
2
i
4tλi+5/2
(xizi
2t
)−λi+1/2
Iλi−1/2
(xizi
2t
)}
.
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Hence, by using (4), (5), (38), and 39, we get, for every z ∈ Kn,
∣∣∣ ∂
∂t
n∏
j=1
W
λj
t (xj , zj)
∣∣∣ ≤ n∑
i=1
∣∣∣ ∂
∂t
Wλit (xi, zi)
∣∣∣ n∏
j=1, j 6=i
W
λj
t (xj , zj)
≤ C

t
−
n∑
j=1
(λj+1/2)+1
, t > 1
e−|x−z|
2/8tt−(n+2)/2 , 0 < t ≤ 1.
Hence, since f ∈ C∞c ((0,∞)n), it follows that, for every ε > 0∫ ∞
0
|φ(t)|
∫
(0,∞)n, |x−z|>ε
|f(z)|
∣∣∣ ∂
∂t
( n∏
j=1
W
λj
t (xj , zj)
∣∣∣ n∏
j=1
z
2λj
j dzdt <∞.
The we can interchange the order of integration on the integrals in (35) and by using (36) we
conclude that
Tmλ1,...,λnf(x) = − lim
ε→0+
∫
(0,∞)n
|z − x| > ε
f(z)
∫ ∞
0
φ(t)
∂
∂t
n∏
j=1
W
λj
t (xj , zj)dt
n∏
j=1
z
2λj
j dz + Cφ(0
+)f(x),
for a certain C > 0. 
We now prove the Lp-boundedness properties of the maximal operator associated with the
principal value integral that appears in Proposition 2.1.
Proposition 2.2. Let λj > −1/2, j = 1, . . . , n. The maximal operator Tm,∗λ1,...,λn defined by
Tm,∗λ1,...,λn(f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
(0,∞)n, |x−y|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)n,
where
Kφλ1,...,λn(x, y) =
∫ ∞
0
φ(t)
∂
∂t
n∏
j=1
W
λj
t (xj , yj)dt, x, y ∈ (0,∞)n,
is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Proof. In order to established the Lp-boundedness properties for the maximal operator Tm,∗λ1,...,λn
we consider the operator
Tm,∗loc,λ1,...,λn(f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
L(x),|x−y|>ε
f(y)
n∏
j=1
(xjyj)
−λjHφ(x, y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)n,
where, for every x = (x1, . . . , xn) ∈ (0,∞)n,
L(x) = {y = (y1, . . . , yn) ∈ (0,∞)n : xj/2 < yj < 2xj , j = 1, . . . , n},
and
Hφ(x, y) =
∫ ∞
0
φ(t)
∂
∂t
[
e−|x−y|
2/4t
(4pit)n/2
]
dt, x, y ∈ (0,∞)n.
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We have that
Tm,∗λ1,...,λn(f)(x) ≤
∣∣∣Tm,∗λ1,...,λn(f)(x)− Tm,∗loc,λ1,...,λn(f)(x)∣∣∣+ Tm,∗loc,λ1,...,λn(f)(x)
≤ sup
ε>0
∣∣∣∣∣∣
∫
(0,∞)n\L(x),|x−y|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
+ sup
ε>0
∣∣∣∣∣∣
∫
L(x),|x−y|>ε
f(y)
Kφλ1,...,λn(x, y)− n∏
j=1
(xjyj)
−λjHφ(x, y)
 n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
+ Tm,∗loc,λ1,...,λn(f)(x)
≤
∫
(0,∞)n\L(x)
|f(y)||Kφλ1,...,λn(x, y)|
n∏
j=1
y
2λj
j dy
+
∫
L(x)
|f(y)|
∣∣∣∣∣∣Kφλ1,...,λn(x, y)−
n∏
j=1
(xjyj)
−λjHφ(x, y)
∣∣∣∣∣∣
n∏
j=1
y
2λj
j dy
+ Tm,∗loc,λ1,...,λn(f)(x)
=Gφλ1,...,λn(|f |)(x) + Lλ1,...,λn(|f |)(x) + T
m,∗
loc,λ1,...,λn
(f)(x), x ∈ (0,∞)n.(40)
We are going to show the Lp-boundedness properties for the operator Gφλ1,...,λn , Lλ1,...,λn and
Tm,∗loc,λ1,...,λn .
We begin studying the operator Tm,∗loc,λ1,...,λn . For every j = (j1, . . . , jn) ∈ Zn, the dyadic cube
Qj is defined by
Qj = {y = (y1, . . . , yn) ∈ (0,∞)n : 2ji ≤ yi < 2ji+1, i = 1, . . . , n},
and the cube Q˜j is given by
Q˜j = {y = (y1, . . . , yn) ∈ (0,∞)n : 2ji−1 ≤ yi < 2ji+2, i = 1, . . . , n}.
It is clear that if j ∈ Zn, x ∈ Qj and y ∈ L(x), then y ∈ Q˜j . We can write∫
L(x),|x−y|>ε
f(y)
n∏
l=1
(xlyl)
−λlHφ(x, y)
n∏
l=1
y2λll dy =
∫
Q˜j ,|x−y|>ε
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy
−
∫
Q˜j\L(x),|x−y|>ε
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy, x ∈ Qj , j ∈ Zn and ε > 0.(41)
Let j = (j1, . . . , jn) ∈ Zn. It has Q˜j \ L(x) =
n⋃
i=1
(Q˜+j,i ∪Q−j,i) where
Q˜+j,i = {y = (y1, . . . , yn) ∈ (0,∞)n : 2jl−1 ≤ yl < 2jl+2, l = 1, . . . , n; l 6= i; 2xi < yi < 2ji+2}
and
Q˜−j,i = {y = (y1, . . . , yn) ∈ (0,∞)n : 2jl−1 ≤ yl < 2jl+2, l = 1, . . . , n; l 6= i; 2ji−1 < yi < xi/2}
for i = 1, . . . , n.
We have that
|Hφ(x, y)| ≤
∫ ∞
0
|φ(t)|
∣∣∣∣∣ ∂∂t
(
e−|x−y|
2/4t
tn/2
)∣∣∣∣∣ dt ≤ C
∫ ∞
0
e−|x−y|
2/8t
tn/2+1
dt
≤C 1|x− y|n
∫ ∞
0
e−1/u
un/2+1
du ≤ C 1|x− y|n , x, y ∈ (0,∞)
n.(42)
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By (42), for every ε > 0, we get∣∣∣∣∣
∫
Q˜j\L(x),|x−y|>ε
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy
∣∣∣∣∣ ≤
∫
Q˜j\L(x)
|f(y)|
n∏
l=1
(
yl
xl
)λl
|Hφ(x, y)|dy
≤
n∑
i=1
(∫
Q˜+j,i
|f(y)|
n∏
l=1
(
yl
xl
)λl
|Hφ(x, y)|dy +
∫
Q˜−j,i
|f(y)|
n∏
l=1
(
yl
xl
)λl
|Hφ(x, y)|dy
)
≤C
n∑
i=1
∫
Q˜+j,i∪Q˜−j,i
|f(y)|
(x2i +
n∑
l=1,l 6=i
(xl − yl)2)n/2
dy
≤C
n∑
i=1
∫
Q˜+j,i∪Q˜−j,i
|f(y)|
(22ji +
n∑
l=1,l 6=i
(xl − yl)2)n/2
dy, x ∈ Qj .
Then, for each x ∈ Qj ,
(43)
sup
ε>0
∣∣∣∣∣∣
∫
Q˜j \ L(x)
|x− y| > ε
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy
∣∣∣∣∣∣ ≤ C
n∑
i=1
∫
Q˜+j,i∪Q˜−j,i
|f(y)|
(22ji +
n∑
l = 1
l 6= i
(xl − yl)2)n/2
dy.
For every i = 1, . . . , n, we define
fj,i(y¯i) =
∫ 2ji+2
2ji−1
|f(y)|dyiχ n∏
l=1,l 6=i
[2jl−1,2jl+2]
(y¯i), y¯i = (y1, . . . , yi−1, yi+1, . . . , yn) ∈ (0,∞)n−1.
From (43) it follows that
sup
ε>0
∣∣∣∣∣∣
∫
Q˜j \ L(x)
|x− y| > ε
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy
∣∣∣∣∣∣ ≤ C
n∑
i=1
∫
(0,∞)n−1
fj,i(y¯i)
(22ji + |x¯i − y¯i|2)n/2 dy¯i
≤C
n∑
i=1
 ∞∑
k=0
∫
(0,∞)n−1
2k+ji < |y¯i − x¯i| < 2k+ji+1
fj,i(y¯i)
(22ji + |x¯i − y¯i|2)n/2 dy¯i
+
∫
(0,∞)n−1
|y¯i − x¯i| < 2ji
fj,i(y¯i)
(22ji + |x¯i − y¯i|2)n/2 dy¯i

≤C
n∑
i=1
( ∞∑
k=0
1
2nji(1 + 22k)n/2
∫
|y¯i−x¯i|<2k+ji+1
fj,i(y¯i)dy¯i +
1
2nji
∫
|y¯i−x¯i|<2ji
fj,i(y¯i)dy¯i
)
≤C
n∑
i=1
1
2ji
Mn−1(fj,i)(x¯i), x ∈ Qj .
Here, Mn−1 represents the Hardy-Littlewood maximal function on Rn−1. We recall that Mn−1
is a bounded operator from Lp(Rn−1) into itself, for every 1 < p <∞, and from L1(Rn−1) into
L1,∞(Rn−1).
On the other hand, it is known that the maximal operator Tm,∗ defined by
Tm,∗(f)(x) = sup
ε>0
∣∣∣∣∣
∫
|x−y|>ε
f(y)Hφ(x, y)dy
∣∣∣∣∣ , x ∈ Rn,
is bounded from Lp(Rn, dx) into itself, for every 1 < p < ∞, and from L1(Rn, dx) into
L1,∞(Rn, dx).
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We denotes by m(n)λ1,...,λn the positive measure given by m
(n)
λ1,...,λn
(E) =
∫
E
n∏
j=1
x
2λj
j dx, for
every Lebesgue measurable set E.
Let γ > 0. We have that,
m
(n)
λ1,...,λn
({x ∈ (0,∞)n : Tm,∗loc,λ1,...,λn(f)(x) > γ})
=
∑
j∈Zn
m
(n)
λ1,...,λn
({x ∈ Qj : Tm,∗loc,λ1,...,λn(f)(x) > γ})
≤
∑
j∈Zn
(
m
(n)
λ1,...,λn
({x ∈ Qj : Tm,∗(
n∏
l=1
(yl/xl)
λlfχQ˜j )(x) > Cγ})
+m
(n)
λ1,...,λn
({
x ∈ Qj : sup
ε>0
∣∣∣ ∫
Q˜j\L(x)
f(y)
n∏
l=1
(
yl
xl
)λl
Hφ(x, y)dy
∣∣∣ > Cγ}))
≤
∑
j∈Zn
(
C
γ
n∏
i=1
22jiλi‖fχQ˜j‖L1(Rn) +
n∑
i=1
m
(n)
λ1,...,λn
({x ∈ Q˜j : Mn−1(fj,i)(x¯i) > 2jiCγ}
)
≤
∑
j∈Zn
(
C
γ
‖fχQ˜j‖L1((0,∞)n, n∏
i=1
x
2λi
i dx)
+
n∑
i=1
2(2λi+1)jim
(n−1)
λ1,...,λi−1,λi+1,...,λn({x¯i ∈
n∏
l=1, l 6=i
[2jl , 2jl+1) : Mn−1(fj,i)(x¯i) > 2jiCγ})
)
≤C
γ
∑
j∈Zn
(
‖fχQ˜j‖L1((0,∞)n, n∏
i=1
x
2λi
i dx)
+
n∑
i=1
‖fj,i‖L1(Rn−1)
n∏
l=1
22jlλl
)
≤C
γ
∑
j∈Zn
‖fχQ˜j‖L1((0,∞)n, n∏
i=1
x
2λi
i dx)
≤ C
γ
‖f‖
L1((0,∞)n,
n∏
i=1
x
2λi
i dx)
, f ∈ L1((0,∞)n,
n∏
i=1
x2λii dx).
Hence, Tm,∗loc,λ1,...,λn is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
i=1
x2λii dx). Also,
if 1 < p <∞, we have
‖Tm,∗loc,λ1,...,λn(f)‖
p
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx)
≤
∑
j∈Zn
‖Tm,∗loc,λ1,...,λn(f)χQj‖
p
Lp(Rn,dx)
n∏
l=1
22λljl
≤C
∑
j∈Zn
(∫
Qj
|Tm,∗(
n∏
l=1
(yl/xl)
λlfχQ˜j )(x)|pdx+
n∑
i=1
1
2jip
∫
Qj
|Mn−1(fj,i)(x¯i)|pdx¯idxi
)
n∏
l=1
22λljl
≤C
∑
j∈Zn
(∫
Q˜j
|f(x)|pdx+
n∑
i=1
1
2jip
∫ 2ji+1
2ji
‖fj,i‖pLp(Rn−1)dxi
)
n∏
l=1
22λljl
≤C
∑
j∈Zn
∫
Q˜j
|f(x)|pdx
n∏
l=1
22λljl ≤ C‖f‖p
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx)
, f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx).
It is proved that Tm,∗loc,λ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 <
p <∞.
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We now analyze the operator Lλ1,...,λn . Let α > −1/2. From (5) and (37) we deduce that, if
t, u, v ∈ (0,∞) and uv/t > 1,
∂
∂t
Wαt (u, v) =
{
−α+ 1/2
t
(uv
2t
)1/2
Iα−1/2
(uv
2t
)
− uv
2t2
(uv
2t
)1/2
Iα+1/2
(uv
2t
)
+
u2 + v2
4t2
(uv
2t
)1/2
Iα−1/2
(uv
2t
)} (uv)−α√
2t
e−(u
2+v2)/4t
=
{
−α+ 1/2
t
(
1 +O
(
t
uv
))
− uv
2t2
(
1− 4(α+ 1/2)
2 − 1
4
t
uv
+O
((
t
uv
)2))
+
u2 + v2
4t2
(
1− 4(α+ 1/2)
2 − 1
4
t
uv
+O
((
t
uv
)2))}
(uv)−α√
4pit
e−(u−v)
2/4t
=
{
(u− v)2
4t2
− 1
2t
+
(u− v)2
4tuv
+O
(
1
uv
)
+O
(
(u− v)2
(uv)2
)}
(uv)−α√
4pit
e−(u−v)
2/4t
=
∂
∂t
(
e(u−v)
2/4t
√
4pit
)
(uv)−α +O
(
(uv)−α
t1/2
e−(u−v)
2/8t
(
1
uv
+
(u− v)2
(uv)2
))
.(44)
By proceeding in a similar way we can see that
(45)∣∣∣∣∣Wαt (u, v)− (uv)−α e−(u−v)
2/4t
√
4pit
∣∣∣∣∣ ≤ C(uv)−α−1√te−(u−v)2/4t, t, u, v ∈ (0,∞) and uvt > 1.
We have that∣∣Lλ1,...,λn(f)(x)∣∣ ≤ ∫
L(x)
|f(y)|∣∣Kφλ1,...,λn(x, y)− n∏
j=1
(xjyj)
−λjHφ(x, y)
∣∣ n∏
j=1
y
2λj
j dy
≤
∫
L(x)
|f(y)|
∫ ∞
0
|φ(t)|
∣∣∣∣∣∣ ∂∂t
 n∏
j=1
W
λj
t (xj , yj)
− n∏
j=1
(xjyj)
−λj ∂
∂t
 n∏
j=1
e−(xj−yj)
2/4t
√
4pit
∣∣∣∣∣∣ dt
n∏
j=1
y
2λj
j dy
≤C
n∑
i=1
∫
L(x)
|f(y)|
∫ ∞
0
∣∣∣∣∣∣∣∣
n∏
j = 1
j 6= i
W
λj
t (xj , yj)
∂
∂t
Wλit (xi, yi)
−
n∏
j=1
(xjyj)
−λj
n∏
j = 1
j 6= i
e−(xj−yj)
2/4t
√
4pit
∂
∂t
(
e−(xi−yi)
2/4t
√
4pit
)∣∣∣∣∣∣∣∣ dt
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
We analyze the operator defined by the first summand. The other ones can be studied similarly.
It follows that, for each x ∈ (0,∞)n,
L1λ1,...,λn(f)(x) =
∫
L(x)
|f(y)|
∫ ∞
0
∣∣∣∣∣∣
n∏
j=2
W
λj
t (xj , yj)
∂
∂t
Wλ1t (x1, y1)
−
n∏
j=1
(xjyj)
−λj
n∏
j=2
e−
(xj−yj)2
4t√
4pit
∂
∂t
e− (x1−y1)24t√
4pit
∣∣∣∣∣∣ dt
n∏
j=1
y
2λj
j dy
≤
∫
L(x)
|f(y)|
∫ ∞
0
∣∣∣∣∣∣ ∂∂tWλ1t (x1, y1)− (x1y1)−λ1 ∂∂t
e− (x1−y1)24t√
4pit
∣∣∣∣∣∣
n∏
j=2
W
λj
t (xj , yj)dt
×
n∏
j=1
y
2λj
j dy +
n∑
i=2
∫
L(x)
|f(y)|
∫ ∞
0
(x1y1)
−λ1
∣∣∣∣∣∣ ∂∂t
e− (x1−y1)24t√
4pit
∣∣∣∣∣∣
i−1∏
j=2
e− (xj−yj)24t√
4pit

× (xjyj)−λj
∣∣∣∣∣∣Wλit (xi, yi)− (xiyi)−λi e
− (xi−yi)24t√
4pit
∣∣∣∣∣∣
n∏
j=i+1
W
λj
t (xj , yj)dt
n∏
j=1
y
2λj
j dy.(46)
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We now use (4), (5), (37), and (44) to obtain the following
L1,1λ1,...,λn(f)(x) =
∫
L(x)
|f(y)|
∫ ∞
0
∣∣∣∣∣∣ ∂∂tWλ1t (x1, y1)− (x1y1)−λ1 ∂∂t
e− (x1−y1)24t√
4pit
∣∣∣∣∣∣
×
n∏
j=2
W
λj
t (xj , yj)dt
n∏
j=1
y
2λj
j dy
≤
∫
L(x)
|f(y)|

∫ x1y1
0
(x1y1)
−λ1−1
t1/2
e−
(x1−y1)2
10t
n∏
j=2
 1
x
2λj+1
j
+ (xjyj)
−λj e
− (xj−yj)
2
4t√
t
 dt
+
∫ ∞
x1y1
(
1
tλ1+
3
2
+ (x1y1)
−λ1 1
t
3
2
) n∏
j=2
 1
x
2λj+1
j
+ (xjyj)
−λj e
− (xj−yj)
2
4t√
t
 dt

n∏
j=1
y
2λj
j dy(47)
for every x ∈ (0,∞)n.
Then, the operator L1,1λ1,...,λn is controlled by operators of the following type:
Λlλ1,...,λn(g)(x) = sup
t>0
∣∣∣∣∣∣
∫ 2xl+1
xl+1
2
. . .
∫ 2xn
xn
2
n∏
j=l+1
x
−2λj−1
j
∫ 2x1
x1
2
. . .
∫ 2xl
xl
2
l∏
j=1
(xjyj)
−λj e
− (xj−yj)
2
10t√
t
g(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ ,
where 0 ≤ l ≤ n, l ∈ N. For each 0 ≤ l ≤ n, l ∈ N, Λlλ1,...,λn is bounded operator from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). Indeed, let k ∈ N. We consider the maximal operators
Ωβ1,...,βk(g)(x) = sup
t>0
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
k∏
j=1
(xjyj)
−βj e
− (xj−yj)
2
4t√
t
g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)k,
where βj ∈ R, j = 1, . . . , k, and
Mk(g)(x) = sup
t>0
∣∣∣∣∣
∫
(0,∞)k
e|x−y|
2/4t
tk/2
g(y)dy
∣∣∣∣∣ , x ∈ (0,∞)k.
For every j = (j1, . . . , jk) ∈ Zk we define
Qj = {y = (y1, . . . , yk) ∈ (0,∞)k : 2ji ≤ yi < 2ji+1, i = 1, . . . , k},
and
Q˜j = {y = (y1, . . . , yk) ∈ (0,∞)k : 2ji−1 ≤ yi < 2ji+2, i = 1, . . . , k}.
Assume that γ > 0. Since, as it well known, the operatorMk is bounded from L1((0,∞)k, dx)
into L1,∞((0,∞)k, dx), we have
m
(k)
β1,...,βk
({x ∈ (0,∞)k : Ωβ1,...,βk(g)(x) > λ}) =
∑
j∈Zk
m
(k)
β1,...,βk
({x ∈ Qj : Ωβ1,·,βk(g)(x) > λ})
≤
∑
j∈Zk
2
2
k∑
i=1
βiji
m
(k)
0,...,0({x ∈ Rk : Mk(|g|χQ˜j )(x) > Cγ})
≤C
γ
∑
j∈Zk
2
2
k∑
i=1
βiji
∫
Q˜j
|g(y)|dy
≤C
γ
∫
(0,∞)k
|g(y)|
k∏
j=1
y
2βj
j dy, g ∈ L1((0,∞)k,
k∏
j=1
x
2βj
j dx).
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Also, Mk is bounded from Lp((0,∞)k, dx) into itself, for every 1 < p <∞, and it has∫
(0,∞)k
|Ωβ1,...,βk(g)(x)|p
k∏
j=1
x
2βj
j dx = 2
2
k∑
i=1
βiji ∑
j∈Zk
∫
Qj
|Ωβ1,...,βk(g)(x)|pdx
≤C
∑
j∈Zk
2
2
k∑
i=1
βiji
∫
Rk
|Mk(|g|χQ˜j )(x)|pdx
≤C22
k∑
i=1
βiji ∑
j∈Zk
∫
Q˜j
|g(y)|pdy
≤C
∫
(0,∞)k
|g(y)|p
k∏
j=1
y
2βj
j dy, g ∈ Lp((0,∞)k,
k∏
j=1
x
2βj
j dx),
and Ωβ1,...,βk is bounded from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself, for every 1 < p <∞.
On the other hand, it is not hard to see that, for every k ∈ N and βj ∈ R, j = 1, . . . , k, the
operator Zβ1,...,βk defined by
Zβ1,...,βk(g)(x) =
k∏
j=1
x
−2βj−1
j
∫ 2x1
x1/2
. . . ,
∫ 2xk
xk/2
g(y)
k∏
j=1
z
2βj
j dy, x ∈ (0,∞)k,
is bounded from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself, for every 1 ≤ p <∞.
Then, the Lp-boundedness properties of operators Ωβ1,...,βk and Zβ1,...,βk , βj > −1/2, j =
1, . . . , k, k ∈ N, allow us, by using [4, Proposition 1], to conclude that, for every m ∈ N, the oper-
ator Λmλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞, and from
L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). Hence, the operator L1,1λ1,...,λn is bounded
from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
into L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
For every i = 2, . . . , n, it has
L1,iλ1,...,λn(f)(x) =
∫
L(x)
|f(y)|
∫ ∞
0
(x1y1)
−λ1
∣∣∣∣∣∣ ∂∂t
e− (x1−y1)24t√
4pit
∣∣∣∣∣∣
i−1∏
j=2
e− (xj−yj)24t√
4pit

× (xjyj)−λj
∣∣∣∣∣∣Wλit (xi, yi)− (xiyi)−λi e
− (xi−yi)24t√
4pit
∣∣∣∣∣∣
n∏
j=i+1
W
λj
t (xj , yj)dt
n∏
j=1
y
2λj
j dy
≤C
∫
L(x)
|f(y)|

∫ xiyi
0
e
−
i−1∑
j=1
(xj−yj)2
4t
t
i+1
2
i−1∏
j=1
(xjyj)
−λj (xiyi)−λi−1
√
te−
(xi−yi)2
4t
(48)
×
n∏
j=i+1
 1
x
2λj+1
j
+ (xjyj)
−λj e
− (xj−yj)
2
4t√
t
 dt+ ∫ ∞
xiyi
i−1∏
j=1
(xjyj)
−λj e
−
i−1∑
j=1
(xj−yj)2
4t
t
i+1
2
(
1
tλi+
1
2
+ (xiyi)
−λi e
− (xi−yi)24t√
t
 n∏
j=i+1
 1
x
2λj+1
j
+ (xjyj)
−λj e
− (xj−yj)
2
4t√
t
 dt

n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
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Then, the operator L1,iλ1,...,λn can be controlled by operator of type Λmλ1,...,λn , m ∈ N. Thus, we
conclude that L1,iλ1,...,λn is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞,
and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
From the assertions proved in (47) and (48), i = 2, . . . , n, we deduce that the operator
L1λ1,...,λn is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from
L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Thus we conclude that the operator Lλ1,...,λn is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into
itself, for every 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Finally we study the operator Gφλ1,...,λn . It is clear that G
φ
λ1,...,λn
can be decomposed in a sum
of operators like the following one
Sk,lλ1,...,λn(g)(x) =
∫ x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xl
xl
2
∫ ∞
2xl+1
. . .
∫ ∞
2xn
g(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
=
n∑
i=1
∫ x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xl
xl
2
∫ ∞
2xl+1
. . .
∫ ∞
2xn
g(y)Kφ,iλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy
=
n∑
i=1
Sk,l,iλ1,...,λn(g)(x), x ∈ (0,∞)n,(49)
where 0 ≤ k ≤ l ≤ n, k 6= 0 or l 6= n, and
Kφ,iλ1,...,λn(x, y) =
∫ ∞
0
i−1∏
j=1
W
λj
t (xj , yj)
∂
∂t
Wλit (xi, yi)
n∏
j=i+1
W
λj
t (xj , yj)φ(t)dt, x, y ∈ (0,∞)n,
for every i = 1, ·, n. From (5) we deduce that, if α > −1/2,
|Wαt (u, v)| ≤C
(uv)−αe−v
2/16t
√
t
≤ C(uv)−α−1/2
(uv
t
)1/2
e−v
2/16t
≤Ct−α−1/2 v√
t
e−v
2/16t ≤ C
tα+1/2
e−v
2/20t, t, u, v ∈ (0,∞), uv
t
> 1 and 2u < v <∞.(50)
By (4) and (50) we conclude that for α > −1/2
(51) |Wαt (u, v)| ≤
C
tα+1/2
e−v
2/20t, t, u, v ∈ (0,∞), and 2u < v <∞.
From (44) it follows, if α > −1/2,∣∣∣∣ ∂∂tWαt (u, v)
∣∣∣∣ ≤Ce−v2/16t( 1t3/2 (uv)−α + (uv)−α−1t1/2
)
≤C e
−v2/16t
t3/2
(uv)−α ≤ C e
−v2/20t
tα+3/2
, t, u, v ∈ (0,∞), uv
t
> 1 and 2u < v <∞.(52)
By (37) and (52) we get for every α > −1/2
(53)
∣∣∣ ∂
∂t
Wαt (u, v)
∣∣∣ ≤ C e−v2/20t
tα+3/2
, t, u, v ∈ (0,∞), 2u < v <∞.
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According to (51) and (53) we infer
∣∣∣S0,0,iλ1,...,λn(g)(x)∣∣∣ ≤C ∫ ∞
2x1
. . .
∫ ∞
2xn
|g(y)|
∫ ∞
0
e
−
n∑
j=1
y2j/20t
t
n∑
j=1
(λj+1/2)+1
dt
n∏
j=1
y
2λj
j dy
≤C
∫ ∞
2x1
. . .
∫ ∞
2xn
|g(y)| 1
(
n∑
j=1
y2j )
n∑
j=1
(λj+1/2)
n∏
j=1
y
2λj
j dy
≤C
∫ ∞
2x1
. . .
∫ ∞
2xn
|g(y)| 1
y1 . . . yn
dy, x ∈ (0,∞)n and i = 1, . . . , n.
It is not hard to see that, for every k ∈ N the operator
Sk(g)(x) =
∫ ∞
2x1
. . .
∫ ∞
2xk
|g(y)| 1
y1 . . . yk
dy, x ∈ (0,∞)k,
is bounded from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself, for every 1 ≤ p < ∞ and βj > −1/2,
j = 1, . . . , k.
Hence the operator S0,0,iλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx), for every 1 ≤ p < ∞
and i = 1, . . . , n.
Let i, k ∈ N, 1 ≤ i ≤ k, and βj > −1/2, j = 1, . . . , k. We define the operator Hβ1,...,βk by
Hβ1,...,βk(g)(x) =
∫ x1
2
0
. . .
∫ xk
2
0
|g(y)|
∫ ∞
0
i−1∏
j=1
W
βj
t (xj , yj)
∣∣∣ ∂
∂t
W βit (xi, yi)
∣∣∣
×
k∏
j=i+1
W
βj
t (xj , yj)dt
k∏
j=1
y
2βj
j dy, x ∈ (0,∞)k.
By taking into account symmetries, (51), and (53), we get that
|Hβ1,...,βk(g)(x)| ≤C
∫ x1
2
0
. . .
∫ xk
2
0
|g(y)|
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(βj+1/2)+1
dt
k∏
j=1
y
2βj
j dy
≤ C
(
k∑
j=1
x2j )
k∑
j=1
(βj+1/2)
∫ x1
2
0
. . .
∫ xk
2
0
|g(y)|
k∏
j=1
y
2βj
j dy.(54)
The operator Hβ1,...,βk given by
Hβ1,...,βk(g)(x) =
1
(
k∑
j=1
x2j )
k∑
j=1
(βj+1/2)
∫ x1
2
0
. . .
∫ xk
2
0
g(y)
k∏
j=1
y
2βj
j dy
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is bounded from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)k,
k∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2βj
j dx). Indeed, assume that γ > 0. We have
m
(k)
β1,...,βk
({x ∈ (0,∞)k : |Hβ1,...,βk(g)(x)| > γ})
≤m(k)β1,...,βk
({
x ∈ (0,∞)k :
k∑
j=1
x2j ≤
 1
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2βj
j dx)
 1k∑j=1(βj+1/2) })
≤m(k)β1,...,βk
({
x ∈ (0,∞)k : 0 ≤ xj ≤
 1
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2βj
j dx)
 1k∑j=1(2βj+1) , j = 1, . . . , k})
≤C
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2βj
j dx)
, g ∈ L1((0,∞)k,
k∏
j=1
x
2βj
j dx).
Hence, Hβ1,...,βk is bounded from L1((0,∞)k,
k∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2βj
j dx).
On the other hand, we can write
Hβ1,...,βk(g)(x) ≤
1
x2β1+11
∫ x1
0
1
x2β2+12
∫ x2
0
. . .
1
x2βk+1k
∫ xk
0
|g(y)|
k∏
j=1
y
2βj
j dy, x ∈ (0,∞)k.
Since, as it is well known, the Hardy type operator Hβ given by, for every β > −1/2,
Hβ(g)(x) =
1
x2β+1
∫ x
0
g(y)y2βdy, x ∈ (0,∞),
is bounded from Lp((0,∞), x2βdx) into itself, for every 1 < p < ∞ (see [13]), from [4, Proposi-
tion 1] we deduce that Hβ1,...,βk is a bounded operator from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself,
for every 1 < p <∞.
Then, from (54) we infer that the operator Hβ1,...,βk is bounded from Lp((0,∞)k,
k∏
j=1
x
2βj
j dx)
into itself, for every 1 < p <∞, and from L1((0,∞)k,
k∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2βj
j dx).
Also, Sn,n,iλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and
from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), for every i = 1, . . . , n.
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Assume that 1 ≤ i ≤ k < n. By using (51) and (53) we have that
∣∣∣Sk,k,iλ1,...,λn(g)(x)∣∣∣ ≤C ∫
x1
2
0
. . .
∫ xk
2
0
∫ ∞
2xk+1
. . .
∫ ∞
2xn
∫ ∞
0
e
−(
k∑
j=1
x2j+
n∑
j=k+1
y2j )/20t
t
n∑
j=1
(λj+1/2)+1
dt|g(y)|
n∏
j=1
y
2λj
j dy
≤C
∫ x1
2
0
. . .
∫ xk
2
0
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(λj+1/2)+1
dt
∫ ∞
2xk+1
. . .
∫ ∞
2xn
|g(y)|
n∏
j=k+1
y
2λj+1
j
n∏
j=1
y
2λj
j dy
≤C 1( k∑
j=1
x2j
) k∑
j=1
(λj+1/2)
∫ x1
2
0
. . .
∫ xk
2
0
(∫ ∞
2xk+1
. . .
∫ ∞
2xn
|g(y)|
yk+1 . . . yn
dyn . . . dyk+1
)
×
k∏
j=1
y
2λj
j dyk . . . dy1, x ∈ (0,∞)n.
According to [4, Proposition 1] and by taken into account the Lp-boundedness properties of
the operator Hλ1,...,λk and Sn−k we conclude that the operator Sk,k,iλ1,...,λn is bounded from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
In a similar way we can see that if 0 < k < i ≤ n the operator Sk,k,iλ1,...,λn is bounded from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Let 1 ≤ i ≤ k < n. By using (4), (5), (51) and (53), we get
∣∣∣Sk,n,iλ1,...,λn(g)(x)∣∣∣ ≤C ∫
x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xn
xn
2
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(λj+1/2)+1
×
n∏
j=k+1
(
1
x
2λj+1
j
+ (xjyj)
−λj e
−(xj−yj)2/4t
√
t
)
dt|g(y)|
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.(55)
Suppose that k < l ≤ n, l ∈ N, and define
Sk,lλ1,...,λn(g)(x) =
∫ x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xn
xn
2
∫ ∞
0
e
−(
k∑
j=1
x2j+
l∑
j=k+1
(xj−yj)2)/20t
t
k∑
j=1
(λj+1/2)+1+(l−k)/2
dt
×
l∏
j=k+1
(xjyj)
−λj
n∏
j=l+1
1
x
2λj+1
j
g(y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
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We have that, for each x ∈ (0,∞)n,
∣∣Sk,lλ1,...,λn(g)(x)∣∣ ≤ C ∫
x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xl
xl
2
l∏
j=k+1
(xjyj)
−λj
(
k∑
j=1
x2j +
l∑
j=k+1
(xj − yj)2)
k∑
j=1
(λj+1/2)+(l−k)/2
×
 1n∏
j=l+1
x
2λj+1
j
∫ 2xl+1
xl+1
2
. . .
∫ 2xn
xn
2
|g(y)|
n∏
j=l+1
y
2λj
j dyn . . . dyl+1
 l∏
j=1
y
2λj
j dyl . . . dy1.(56)
Assume that r, s ∈ N, 0 < s < r, and βj > −1/2, j = 1, . . . , r. We consider the operator
Y sβ1,...,βr (g)(x) =
∫ x1
2
0
. . .
∫ xs
2
0
∫ 2xs+1
xs+1
2
. . .
∫ 2xr
xr
2
r∏
j=s+1
(xjyj)
−βj
(
s∑
j=1
x2j +
r∑
j=s+1
(xj − yj)2)
s∑
j=1
(λj+1/2)+(r−s)/2
× g(y)
r∏
j=1
y
2λj
j dy, x ∈ (0,∞)r.
By proceeding as in the proof of Case 3 in [15] we can see that the operator Y sβ1,...,βr is bounded
from L1((0,∞)r,
r∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)r,
r∏
j=1
x
2βj
j dx). Since the operator Zλl+1,...,λn is bounded
from L1((0,∞)r,
r∏
j=1
x
2βj
j dx) into itself, by [4, Proposition 1], we deduce from (56) that the op-
erator Sk,lλ1,...,λn is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
On the other hand we also have that
∣∣Sk,lλ1,...,λn(g)(x)∣∣ ≤ C ∫
x1
2
0
. . .
∫ xk
2
0
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(λj+1/2)+1
dt

1
n∏
j=l+1
x
2λj+1
j
∫ 2xl+1
xl+1
2
. . .
∫ 2xn
xn
2sup
t>0
∫ 2xk+1
xk+1
2
. . .
∫ 2xl
xl
2
l∏
j=k+1
(xjyj)
−λj e
−(xj−yj)2/4t
√
t
|g(y)|
l∏
j=k+1
y
2λj
j dyl . . . dyk+1

×
n∏
j=l+1
y
2λj
j dyn . . . dyl+1

k∏
j=1
y
2λj
j dy1 . . . dyk
≤C 1
k∏
j=1
x
2λj+1
j
∫ x1
2
0
. . .
∫ xk
2
0

1
n∏
j=l+1
x
2λj+1
j
∫ 2xl+1
xl+1
2
. . .
∫ 2xn
xn
2
(
sup
t>0
∫ 2xk+1
xk+1
2
. . .
∫ 2xl
xl
2
×
n∏
j=k+1
(xjyj)
−λj e
−(xj−yj)2/4t
√
t
|g(y)|
l∏
j=k+1
y
2λj
j dyl . . . dyk+1
 n∏
j=l+1
y
2λj
j dyn . . . dyl+1

×
k∏
j=1
y
2λj
j dy1 . . . dyk, x ∈ (0,∞)n.
According to the Lp-boundedness properties of the operators Ωβ1,...,βr , Zβ1,...,βr , and Hβ1,...,βr ,
βj > −1/2, j = 1, . . . , r, and r ∈ N, by using [4, Proposition 1], we obtain that Sk,lλ1,...,λn is
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bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞.
We conclude that Sk,n,iλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every
1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), provided that
1 ≤ i ≤ k < n.
From (37) and (44) we get for α > −1/2
(57)
∣∣∣∣ ∂∂tWαt (u, v)
∣∣∣∣ ≤ C
(
(uv)−α
e−(u−v)
2/10t
t3/2
+
e−(u
2+v2)/10t
tα+3/2
)
, t, u, v ∈ (0,∞).
Suppose now that 1 ≤ k < i ≤ n. By using (4), (5), (51) and (57) we obtain
∣∣∣Sk,n,iλ1,...,λn(g)(x)∣∣∣ ≤C ∫
x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xn
xn
2
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(λj+1/2)
×
n∏
j=k+1,j 6=i
(
1
x
2λj+1
j
+ (xjyj)
−λj e
(xj−yj)2/10t
√
t
)(
(xiyi)
−λi e
−(xi−yi)2/10t
t3/2
+
e−(x
2
i+y
2
i )/4t
tλi+3/2
)
dt|g(y)|
n∏
j=1
y
2λj
j dy
≤ C
∫ x1
2
0
. . .
∫ xk
2
0
∫ 2xk+1
xk+1
2
. . .
∫ 2xn
xn
2
∫ ∞
0
e
−
k∑
j=1
x2j/20t
t
k∑
j=1
(λj+1/2)+1
×
n∏
j=k+1
(
1
x
2λj+1
j
+ (xjyj)
−λj e
(xj−yj)2/10t
√
t
)
dt|g(y)|
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
Then, as above, Sk,n,iλ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞,
and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), when 1 ≤ k < i ≤ n.
By proceeding in a similar way we can see that the operator Sk,l,iλ1,...,λn is bounded from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), when 0 ≤ k < l < n, and i = 1, . . . , n.
By (49) we conclude that Sk,lλ1,...,λn , 0 ≤ k ≤ l ≤ n, k 6= 0 or l 6= n, is bounded from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). Then, the operator Gλ1,...,λn has the same Lp-boundedness properties.
From (40) it follows that the maximal operator Tm,∗λ1,...,λn is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx)
into itself, for every 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Thus the proof of this proposition is completed. 
From Proposition 2.2 we can deduce by using standard arguments the following result.
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Proposition 2.3. Let λj > −1/2, j = 1, . . . , n. For every f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <
∞, the limit
lim
ε→0+
∫
(0,∞)n, |x−y|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy,
exists, for almost all x ∈ (0,∞)n. Here Kφλ1,...,λn(x, y) is defined as in Proposition 2.2. Moreover,
the operator Tmλ1,...,λn defined by
Tmλ1,...,λn(f)(x) = lim
ε→0+
∫
(0,∞)n, |x−y|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n,
is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Since C∞c ((0,∞)n) is a dense subspace of Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞, it follow that,
for every f ∈ L2((0,∞)n,
n∏
j=1
x
2λj
j dx),
Tmλ1,...,λn(f)(x) = − lim
ε→0+
(∫
(0,∞)n, |x−y|>ε
f(y)Kφλ1,...,λn(x, y)
n∏
j=1
y
2λj
j dy+α(ε)f(x)
)
, a.e. x ∈ (0,∞)n,
where α is a bounded function on (0,∞), and Tmλ1,...,λn can be extended from L2((0,∞)n,
n∏
j=1
x
2λj
j dx)⋂
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) to L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) as a bounded operator from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
The proof of Theorem 1.1 is finished.
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